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A group G in a variety V is almost free in V if it has the property that 
every subgroup which can be generated by fewer elements than the 
cardinality of G is contained in a V-free subgroup of G. Clearly, a V-free 
group is almost free in V. In this paper it is shown that in any torsion-free 
variety V of groups there is a non-free almost free group in V of cardinality 
K,, for each positive integer n. This is done by a genera1 construction which 
works in any variety of algebras in which factoring out by a subalgebra 
makes sense. Applications to rings and Lie algebras are considcrcd. 
In [I], Eklof shows that if K is a regular intinite cardinal and there is an 
almost free non-free abelian group of cardinality K, then there is an almost 
free non-free abelian group of cardinality K*, the next largest cardinal. It 
follows that there are almost free non-free ahelian groups of cardinality K,! 
for each positive integer n. In 14 1, Mekler extends the methods and the result 
to the variety of all groups. In both these papers, properties of free groups 
specific to the variety concerned are employed, the most notable being the 
Schreier property: every subgroup of a free group is free. The construction 
given below enables the results of [I 1 and [ 4 1 to be extended to non-Schrcicr 
varieties. 
The paper is organised as follows. In Section I, the set-theoretic 
background is given and in Section 2 the fundamental algebraic concepts are 
reviewed and terminology established. In the next section, the inductive step 
of the construction is given, and in Section 4 it is shown that the induction 
can be started. In the final section, extensions in various directions are 
considered, including applications to varieties of rings and Lie algebras. 
The material presented here was part of the author’s Ph. D. thesis 161, 
written under the supervision of Wilfrid Hodges, whose help is gratefully 
acknowledged. 
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1. SET-THEORETIC PRELIMINARIES 
It is assumed the reader is familiar with cardinal and ordinal numbers and 
transfinite induction. We regard each ordinal as the set of its predecessors, 
and a cardinal as an ordinal which is not equipotent with any of its 
predecessors. We denote the (Y th infinite cardinal by ~, except that we use 
w sometimes for EfO. If i is a cardinal, II ’ denotes the successor cardinal of 
;1; if a is an ordinal, (Y + 1 denotes the successor ordinal of cr. An ordinal or 
cardinal which is not a successor is a limit ordinal or cardinal, respectively. 
We write 1x1 for the cardinal of the set X. If c! is an ordinal, then the 
coflnality of u, written #((a), is the least value of 1x1 such that XC a is 
cofinal in a (i.e., sup X = o). A successor ordinal has cofinality 1; a limit 
ordinal, infinite cofinality. A cardinal ;1 is called regular if cflA) = A. 
Gofinalities are always regular. Each successor cardinal is regular. 
If 6 is an ordinal of regular uncountable cofinality K, then z subset C of 6 
is unbounded in 6 if sup C = 8, and closed in 6 if for every XC C with sup 
X < 6, sup X E C. If C is both closed and unbounded in 6, C is called a club 
in 6. It is not hard to see that the intersection of two clubs is a club. A subset 
of 6 is said to be stationary in S if it meets every club in 6. In particular, any 
set containing a club is stationary. 
2. RELATIVELY FREE AND ALMOST FREE GRQUPS 
Let V be a variety of groups. If G is a group, we shall say that the subset 
;K of G is a V-basis of G iff G E V, X generates G and every relation between 
the members of X is a law in V. Then G is V-flee iff G has a V-basis. Of 
course, these concepts depend on V. If H is a subgroup of G, then we say H 
is a V-free factor of G iff G has a V-basis X and there is a subset Y of X 
which generates H. If H is a V-free factor of G, then both 6-p and G must be 
V-free, whilst if X and Y are as above, then we must have Y = Xn H. An 
embedding e of H into G is called a V-ff-map if e(H) is a Y-free factor of G. 
If X and Y are V-free bases of G and H, respectively, then the V-freeprodzrct 
of G and H, written G*H (although it depends on Vjs is the V-free group 
with the disjoint union of X and Y as a V-basis. (This is the restriction to V- 
free groups of the definition given for example in [S], which is the coproduct 
in the category of V-groups.) The V-free product extends to any number of 
free factors. 
Let A be a cardinal. We say a group G has rank 1 iff G can be generated 
by d, but not fewer, of its elements. If G is V-free, this agrees with the usual 
definition of rank of a free group. If/z is uncountable, then G has rank /z iff 
G has cardinality A. If N is a V-free factor of 6, then H is sai 
complemented iff there is K of rank /z such that G = “K.Ife:N-pGisaV~ 
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ff-map, then e is A-complemented iff e(H) is. A group G is said to be A-Vfree 
iff every subgroup H of rank less than J is contained in a V-free subgroup of 
G (which, it is easily seen, can be taken of rank at most max(&, , 1 HI)). If G 
is A-V-free and of rank A, then we say G is almost V-free. We shall frequently 
omit the “ V-” in all of these definitions. 
Our first step is the analysis of V-free groups. Let a be an ordinal. An a- 
tower in V is a family { Gi: i < (r] of groups in V such that: 
(i) G, < Gj whenever i <j < a; 
(ii) if 6 < OL is a limit ordinal, then G, = (JiCs Gi ; 
(iii) for each i < a, Gi is V-free. 
We come now to our first notational convention: K will always denote a 
regular infinite cardinal. 
If G is a group in V of rank K, a V-$&ration of G is a K-tower { Gi: i < K) 
such that G = lJiCK Gi and each Gi has rank less than K. 
THEOREM 1. Suppose 6 is a limit ordinal and { Gi : i < S} is a &tower in 
V. If for all i < j < 6, Gi is a V-free factor of Gj, then G = UICs Gi is V-fyee 
and each Gi is a V-free factor of G. 
Proof. The conditions imply that we can find Xi a basis of Gi, for each 
i < 6, such that if i <j < 6 and a < 6 is a limit ordinal 
Xi=XjnGi and x,= u xi. 
i<Ly 
It follows that lJi,, Xi is a basis of G and that Gi is a V-free factor. i 
THEOREM 2. Suppose K is a regular infinite cardinal and that G in V is 
a group of rank K. Then G is V-free iff G has a V--filtration {Gi: i < K} such 
that for all i < K, Gi is a V-free factor of Gi, 1. 
Proof. The sufficiency of the condition follows from the preceding 
theorem and an easy induction. 
For the necessity, suppose X is a basis for G, where 1x1 = K. Write 
x= Ui<c Xi, where for all i < K, \Xi 1 < K, Xi E Xj for i <j < K, and 
X6 = lJi,, Xi, if 6 < K is a limit. Taking Gi to be the group generated by Xi 
gives us our filtration. 1 
If e is an embedding of the V-free group H into the V-free group G, then e 
is said to be a V-ff-block iff there is no embedding f of G into a V-free group 
SO that both fe and f are V-flmaps. The next theorem provides our tool for 
establishing on-freeness. 
THEOREM 3. Let K be a regular uncountable cardinal and V a variety of 
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groups. Suppose G is a group in V of rank K alad that jGi: i < K} is a V- 
Jiltratiort f G such that for all successors i< K, Gi is a V$ree factor of Gj 
whenever i <j < K. Put 
E = {i < K: Gi C, Gi+ I is a V-$-block]. 
Then, $E is stationary in K, G is not V-free. 
ProoJ Suppose E is stationary in K and that G is free. By Theorem 2, 
there is a filtration {Hi: i < K} of G such that for all i <j < K, Hi is a free 
factor of Hi. 
Let C = {i < K: Gi = Hi). It is easy to see that C is closed in K. We show 
now that it is unbounded too. Suppose i, < K. Since K is regular and 
1 Gio/ < K, there is j O, i, <j, < K, such that GiO c Hjj,. In the same way, there 
is i, such that Hj, c Gil. In this fashion we construct two sequences, i, and j, 
(n < w), of ordinals such that for each %: 
If 6 is the common supremum of these two sequences, then G, = U,, since 
towers are continuous. Hence 6 is in C, and C is unbounded. 
It follows that C must meet the stationary set E. Let i andj be members of 
G n E with i <j. Since Hi is a free factor of Hj, G, is a free factor of G,?. 
Since i + 1 is a successor, Gi+ I is a free factor of Gj as well. Since i is in E, 
this is a contradiction. 
Hence G is not free. I 
The argument given in this proof is essentially given in ]I]. In that paper, 
Eklof goes on to show how to construct for any regular cardinal K a non-free 
almost free abelian group of rank K+, given one of rank K. The construction 
uses several features specific to the variety of all abelian groups. One of 
these features is the fact that the raw material needed for the construction is 
just a non-free almost free abelian group of rank K. Since the constructio!: 
manufactures one of rank K+, it is easy to see that the construction can be 
iterated any finite number of times to obtain non-free almost free abelian 
groups of rank IC’ ‘, K+' ', etc. In the case of the variety of ail groups, 
Mekler shows in (41 that essentially the same construction can be carried 
out; the raw material needed is now rather more complicated, but the 
construction can still be iterated, by doing rather more work than in the 
abelian case. Again, the methods used depend on features peculiar to the 
variety of all groups. In order to obtain a similarly iterative construction in 
an arbitrary variety V of groups, we shall have to be more elaborate still. We 
shall construct not a filtration of our desired group, as in [I] and j4], but 
rather a “filtration of a presentation” of it. The raw material will have to be 
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not just a non-free almost free group in V but instead a filtration of a presen- 
tation of it. Thus the construction manufactures the raw material for the next 
stage, and the construction will iterate. 
3. THE INDUCTION STEP 
In this section all groups are assumed to be in a fixed variety V of groups. 
We say a diagram 
R&F--HA 
is a free presentation of A iff R, F are both free, r is an embedding, A is 
isomorphic to the quotient of F by (the normal closure of) r(R) and f is the 
projection of F onto A induced. It is not assumed that r(R) is normal in F. 
The point is that r(R) is free; in some varieties it cannot be both free and 
normal in F. 
The next concept can be loosely described as a “filtration f presen- 
tations.” Before giving the definition, itis convenient o expand the notion of 
a-tower by regarding an a-tower as a functor from the ordinal CI to the 
category of all V-groups and their homomorphisms. This allows us to use 
embeddings instead of inclusions. The notion of filtration isto be enlarged 
similarly. Having made these alterations interminology, let us introduce a 
notational convention: curly letters will represent owers and the groups and 
embeddings in the towers will be denoted by the corresponding upper- and 
lower-case letters, respectively, in this typeface. Thus, for the a-tower K‘, we 
have tij: Ti x-+ Tj as a typical map. We also make the convention that the 
colimit (= union) of the tower K will be denoted by T, and the canonical 
injections into T by tie. 
A Jltered presentation of rank lc is an ordered quintuple (9, fl, ,aP, p, 4) 
such that: 
(FPl) 9, ;t, y?p are filtrations of R, F, A, respectively and p, $ are 
natural transformations from 9 to .Y- and Y- to ,oP, respectively; 
(FP2) A is non-free of rank rc; 
(FP3) R, F are free of rank rc; 
(FP4) for all i < K, 
Ri &F$%+Ai 
is a free presentation of Ai ; 
(FP5) pi, rij, ri* ,hj,fi* areff-maps for all i <j < IC; 
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(FP6) if p” and #* are the maps induced in the obvious way, then 
is a free presentation of A; and 
(FF’7) p” is an ff-block. 
We can now state the theorem which gives the inductive step of our 
construction: 
THEOREM 4. Let ic be a regular infinite cardinal and V a variety of 
groups. 1f there is a Jiltered presentation of rank K in V, then there is one in 
V of rank K~. 
The remainder of this section is devoted to a proof of this theorem. Oar 
strategy is to construct a filtered presentation (Y: .Y, 9, a, y) of rank K+ by 
building up its restrictions 9 / j, a] j etc by induction on j < K+. As is usual 
in constructions in this area, our success or failure will depend on what 
happens at particular limit ordinals: in our case, those of cofinality K. So we 
look first at a point that will be important when we are going to join 
to the (6 + I)-tower of Bi’s already constructed (where cf((6) = 16). 
We are going to employ Theorem 3, so we will have to make eat 
free factor of B,+ I, but make bss+ I an ff-block. This is dealt with in the 
following lemma. 
LEMMA 5. Let u be a regular infinite cardinal, and let 9 be a strictly 
increasing filtration of the free group R of rank K, and suppose p*: R + F Is 
an ff-block, where F is free of rank K. Assume too that for all i <j < K, rii’ 
ri* and p*ri, are ff-maps. 
For each i < K, let Ti be the free product of K copies of Ri and let 
tij: Ti + ri be the map induced in the natural way, for i <j < K. Let TX and 
T K+ 1 be the free products of K copies of R and F respectively, and let 
tiK: Ti+ T, and tKK+l: T,-, T,,, be the maps induced naturally by rix and 
p *, respectively. 
Then ~={Ti-fi~Tj:i<j<x+2] is a (Ic+2)-tower with the 
properties :
(i) Tiisfreeofrankuforalli<~+2; 
(ii) tij is a u-complemented ff-map for all i < fc and allj < K + 2; 
(iii) t,, + I an fS-block. 
Proof This is routine, the point being that the K-fold free product is a 
natural construction. The strict increasingness of 9 is used to make sure 
that fij is Ic-complemented. fl 
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The next lemma is also related to the question of what happens at limit 
ordinals 6 of cotinality K. We are going to need an ff-map for ug+ r and the 
next lemma shows us where to get it. But first we need more terminology. 
If f: A -+ B and g: C + D are maps, and A, B, C, D are free in V, we write 
f*g for the map induced from A*C to B*D. (This is possible, because * is 
the coproduct in V.) We write 0 for the map from any group onto the trivial 
group. We write 1, or 1 for the identity map from A to A. 
LEMMA 6. The following holds in any variety V of groups: Suppose A 
and B are V-free and e: A -+ B is an embedding. Let p he the unique Jill-in 
making the following diagram commute: 
A GARB b<B 
B 
where a and b are the canonical injections. Then there is a V-free C together 
with an isomorphism h of C onto A such that the following commutes: 
C*B -%A”B 
\1 
P 
0*1 
B 
Proof. Suppose A, B, e and p are as in the hypotheses above. Let X and 
Y be bases for A and B, respectively, and let T be the following subset of 
A*B: 
T= {xc(x)-‘:xEX}. 
Clearly, T U Y generates A*B, and putting C equal to the subgroup 
generated by T and taking h*l to be the inclusion will do, once we have 
shown that T U Y is a basis of A*B. 
Suppose that w(uI ,..., ‘u, a1 ,..., v ) is a word in the variables as shown, 
and that w(Xle(x,)-‘,...,x,e(x,)-‘, y I ,..., y,) = 1 in A *B, where xi E X and 
yi E Y. We must show that 
w(u, )...’ u,, v, ,...) v,) = 1 
is a law in V. 
Since each e(xi) is a word wi(y r,..., yk) in the members of Y, there is a 
word w’(ur ,..., u , u I ,..., vk) with variables as shown (and k > m) such that 
w’(u, ,..., u , VI)..., v/J = w(u, w;‘,..., u w,l, Ill,...) v,
is a law (where Wi abbreviates wi(v, ,..., vJ). 
ALMOST FREE GROUPS IN VARIETIES 3 
Since w’(xi ,..., x , y, ,.,., yk) = 1, and XV Y is a basis of A “23, it follows 
that W’(U ,,..., u , zli ,..,, uk) = 1 IS a law too. 
Hence 
w’(xI e(x,),..., x, e(x,>, y1 3.-T yk) = 1, 
from which it follows that 
w(x, )...) x,, y: ,..., y ) = 1. 
Since X U Y is a basis of A *B, this means that 
w(u, ~ . ..) u,, Ul )..., Urn) = 1 
is a law in V, as required. 
Thus T U I’ is a basis of A “B and the lemma is proved. 
The next lemma is not needed for the construction, but rather for the 
checking that we have indeed constructed correctly. We denote the coproduct 
in the category of all V-groups and their homomorphisms by II. Recall that 
the coproduct and the free product coincide on free groups; we shall continue 
to write * in this case. 
LEMMA 7. Suppose R -)- F-U-” A is a free presentation and let 
group in V. Let N denote the normal closure in F’IIH of r(R). The 
and FLIH/N are isomorphic. 
BrooJ: Let us assume that r and the natural embeddings into the 
coproduct are inclusions. We define a homomorphism g from ALIH to 
J’IIH/AJ. Let K be the normal closure of R in A? For a in A there is x in P’ 
such that a = xK. Let g(a) = xN. For h in H, let g(h) = hN. Since K < N and 
N n M = (l), gl.4 and g j H are well-defined, and g is induced uniquely so 
that g(mI,) = 4, the canonical projection of 
Now, since K <N, there is a unique homomorphism g’ from H/N to 
ALIH such that g’q =frrI,. 
It is easy to see that g and g’ are mutually inverse, and the lemma is 
proved. 
In the proof that follows, we shall have to deal with free products and 
their canonical injections in situations where it is not obvious which injection 
is being used. In such situations we number the “‘slots” from the left and 
write, for example, 
which means in the first case that the injection is into the left free factor, and 
481/91/l-4 
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in the second, that it is into the leftmost and the third from the left. In cases 
where we say nothing, the obvious is intended (and the maps are canonical). 
Proof of Theorem 4. We build a filtered presentation (9, 57, 9, (T, y) of 
rank rc+. We do this by building the restrictions -i”lj etc. by induction on 
j < K+. So we anticipate our success, and write 91 j, 01 j where j < K+ for 
{ Si HSik S,: i < k <j] and {cri: i <j}, respectively, assuming that all these 
things have so far been defined. We use a similar notation I71 j, etc., without 
further comment. 
Let E={~<K+: cf(i) = K}. Then E is stationary in IC+ but En 6 is not 
stationary in 6 for any limit 6 < ic +. The construction is by induction on 
j < K’. The following are to hold by induction: 
(4 9I.L ~lj, 3lj are j-towers and 01 j, y\ j are natural transfor- 
mations from 9 ( j to F ( j and F ( j to 28 / j, respectively; 
(b) if i <j, then Si, Gi and Bi are free on K generators, Gi is the free 
product of the other two, oi is the canonical injection, and yi is the map 
factoring out Gi by Si (inverse on the left o the canonical injection a,); 
(c) for all i < k <j, sik and gi, are Ic-complementedff-maps; 
(d) if i E j - E and i < k < j, then bi, is a Ic-complemented ff-map and 
the following diagram commutes (with oli as in (b)): 
gik 
I i 
bik 
G!i t---c B,; 
(e) if 6EjnE, then b,,,, is ZRflblock. 
Let (9, x, d, P, 4) b e a filtered presentation of rank K. By adding extra 
free generators into F and the same generators into R, we can arrange that 
9 is strictly increasing. This observation is used in case 3 below. 
There are four cases. 
Let F be free of rank 1~. 
Case 0. Let S, -GO G, -HYO B, be F H(I) F*F -HO*‘ F. 
Suppose that the construction has been carried out for all i <j such that 
(a) to (e) hold for j. Define as follows. 
Case 1. j is a limit ordinal. Put 
Sj=colimY\ j 
Gj=colimF’(j 
Bj = colim 9 1 j, 
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and let Sij, g, and 6, be the colimit injections for i <j. IA Oj and yj be the 
induced maps. 
Case 2. j = i + 1, where i G E. Let Sj x-+“J Gj ++nBj be the top row of 
the following diagram, and let ,siitl, gii+, and bij+, be the vertical maps (in 
order from the left): 
Si"F > "'(l) , Gi"(ji'*F) "“"*'.+BiXF 
(1) 
T 
(I) 
1 
T 
(1) / 
si - Gi 
Case 3. / = 6 + 1, where S E E. Thus 6 is a limit ordinal, and Q-(S) = K. 
Suppose for the moment that K > w. By our choice of E, there is a club C in 
6 which avoids E. This case is the crux of the matter, so we examine it in 
more detail. For each i in C, by (d), if i < k, then b, is a Ic-complementedfJ 
map. To satisfy (e), we have to put in anff-block 6,,+,: B, ++B,+, as our 
next step in the construction of the tower 9, and to satisfy (d) we have to 
make sure that for all i in S - E, bist 1 is an &map and in particular that 
this is true for all i in C. Of course C is well-ordered in type ic so we may 
take K as in Lemma 5, identify 9) C with i5 /K + I, define 
b s~+l to b-2 tKKil and induce all the maps in the obvious way. 
So what we have so far is this: we have defined Si ++ Gi-++ 
and we have put bss+, in. The last bit of the construction looks like this: 
Now we have to give a presentation of Bs+, in such a way that B, will 
automatically sit inside Bs+l in the right way (i.e., via bss+ 1)s To do this, all 
we need to do is to put in the data that specify bss+ r : that is, words Iike 
X-‘b,,, ,(x). Th is is essentially what p below does, as a comparison with the 
proof of Lemma 6 will show. 
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Let p be the unique fill-in making the following diagram commute: 
B, >----t Bs*B,+, --‘Bs+, 
B a+1 ’ 
Now we attempt to fill in our diagram like this: 
S8 x----+ S,“B, 0*1 B, 
I I 
bss+l 
S,*(B,*B,+,) 7 Bs+l - 
Unfortunately this will not quite work, as ys + 1 must be a map which deletes 
a free factor. We use Lemma 6 to see the kernel of O*p is generated by a free 
factor. 
By Lemma 6, the following diagram commutes for some isomorphism 
d:B,+D: 
D”B6++++ Bs+* 
d-1 
I I 
'Bat1 
Bb"B8,1 - P Bs+l - 
Now, it is easy to see that the foollowing diagram commutes too: 
S,” D”Bzi+, ‘*O*’ :+ B6+, 
led*1 
I I 
1 
Sa*Bs*Ba+, -&+I 
We can complete our diagram as follows: 
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and define S6+1 s+Q+~ GG+I-+-+YS+JBg+, to be the bottom row, and sg8+ls 
g,,, I the maps indicated in this diagram, 
This completes the construction in Case 3 for K > o. If K = o, proceed as 
above, except that C is now only unbounded in 6. 
This completes the description of the construction We now check that the 
construction preserves the inductive assumptions (a) to (e). Cases 0 and 2 
are trivial, so we turn to 
Case 1. Clearly (a) holds. Using (d) and the choice of E, there is a C: 
either a club (if K > o) or unbounded (if K = o) in j, such that for all i in C, 
if i < k <j, the following diagram commutes, with bi, a K-complemented ff- 
map 
From the commutativity of these diagrams for i in C and the fact that 
colimits and free products commute, it follows that Gj is the free product of 
Sj and Bj, with canonical injections ojand oj; yj is easily verified to be a left 
inverse for uj. Finally, because for i, k in C the above diagram has sik, gikt 
b, all flmaps, it follows from Theorem 1 that Sj, Gj, are all free on K 
generators. This proves (b), (c) and (d). Clearly (e) co 
Case 3. The only non-obvious part is (d). We applied Lemma 5 in 
construction, inorder to guarantee (e); however, the lemma also gives us 
for a club or unbounded set of i in 6. This is clearly enough. 
So the construction preserves the conditions and therefore can be carrie 
out. We are left o define the top row of the presentation. Let 
S = colim 9 
G = colim ,Y 
B = colim 9 
and let c*, y*, si*, gi*, bi, be the obvious induced maps for i < KY’- 
It remains to check that (9, Y’, 9, O, y) is indeed a filtered presentation 
of rank K+. (FPl), (FP3), (FW and (FP6) all follow readily. To see that 
(FP2) holds, apply Theorem 3. 
To see that B* is an ff-block, proceed as follows. Suppose not. Then there 
are free groups H and K such that GIIH = S . By Lemma 7, K 
Nsw we can produce a filtration fBLW in the following 
filtration {Hi: i < K’} of H by free factors, and take I?,,* 
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then B,* H,, etc., with all the obvious inclusions, and take colimits as 
required on the way up. Since K is free, there is a club of i such that B,*&I, 
is a free factor of B, + 1 *H,. Since E is stationary, some such i must also be 
in E, which contradicts the construction of b,i+l for i in E. This establishes 
(FP7) and the theorem. I 
It is clear that Theorem 4 is the induction step of an iterative process, and 
because of clauses (FPl), (FP6) in the definition of a filtered presentation, 
the process manufactures non-free almost-free groups. However, as with all 
inductive processes, we need to provide a starting point. We do this in the 
next section. 
4. STARTING THE INDUCTION 
Initially, we work in the variety Ggs of all groups. We produce an almost 
free group together with a filtered presentation of rank w. The group will be 
isomorphic to the subgroup of the rationals under addition generated by 
{l/2”: n < w) (although it will be written multiplicatively). We have to 
define filtrations 9, s’ and &’ and two natural transformations p and 4. We 
adopt the same notational convention as before. 
Let F be the free group on {xn: n < w} and let jr be the filtration 
{Fi 4 Fj: i <j < w ] of F, where Fi = (x,: n < i) < F andfi, is the inclusion. 
Let 9 be the filtration {Ri4Rj:i<j<w} of R=UR, where R,= 
( x,x$, : n < i < w) < F and rij is the inclusion. Let 
&= {A/% Aj:i<j<w} and A=UA, 
be such that Ai = Fi/Ni, where Ni is the normal closure in Pi of Ri, for all 
i < CO, and Uij: Ai -+ A, is given by aij: XNi E+ xNj, for all i <j < w. Finally, 
let pi: Ri --t Fi be the inclusion, and let @i: Pi -++ Ai be the canonical 
projection, for each i < w. 
LEMMA 8. In GPS, (9,-K d, P, 4) is a filtered presentation of rank w. 
ProoJ First we show Xi = {x~x;*,...,x~-~x;~, xi} is a basis for Fi. 
Clearly Xi generates Fi. Since the obvious basis of Fi has i + 1 elements and 
Xi has i + 1 elements, Xi is a basis for Fi. (This uses the Hopf property.) It 
is now easy to see that rij, pi, ri* aresmaps, that A, is free on li(xi) and 
that arj is an embedding for all i <j < w. To see that p* is an ff-block, 
observe that since A is clearly not free, it is not embeddable in a free group, 
from which it follows readily that p* is anff-block. Clearly A has rank w, so 
we are done. 1 
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Recall that a variety of groups is torsion-j?ee iff x" = 1 is not a law in the 
variety for any n. This is equivalent o the variety’s having every abelian 
group in it, and hence also to the variety’s having Z as its free group on one 
generator. If V is a variety of groups and G is a group, then we write V(G) 
for the verbal subgroup of G corresponding to V (as in 14.31 of [5]). The 
assignment G -+ G/V(G) induces a functor Gps --f V, and we denote this 
functor too by V. This functor is left adjoint o the inclusion of V into Gps. 
LEMMA 9. If V is a torsion,free variety of groups and (SF, F, ~8’~ p+ #> 
is as defined above for Gps, then (V., VF, V., Vp, V#) is in V a filtered 
presentation of rank co. 
Proof. Since V is a left adjoint, it preserves freeness, free factors and 
colimits. The only things to check are that aij is manic, that A is a-free but 
not free in V and that VP* is an ff-block. First we note that since A is 
abeiian, and V is torsion-free, VA =A; if A were free in V, then A wsuld 
have to be isomorphic to Z, which it is not. So A is not free. On the ot 
hand, since each Ai is abelian and free in Gps, VAi is free in V and abeiian 
and hence just Ai. Hence aij is still the map induced by tii(xi) w #i+ ,(xi+ 1)2 
and embeds. It follows that VA is o-free. To see that VP* is a V-~‘J%lsck, 
suppose not, Then there is a V-ff-map g: VI’+ G such that gVp* is a V-ff 
map. Now abelianise. Itfollows that the abelianisation fthe quotient of G 
by VI? contains VA = A, and is free abelian (since V is torsion-free). This is 
a contradiction. 1
Putting together Theorem 4 and Lemma 9, we see that we have proved: 
THEOREM 10. If V is a torsion-free variety of groups and n < w, then 
there is an almost V-free group of rank NC, which is not V-free. 
The obvious question raised by this theorem is: what happens in varieties 
with torsion? It is clear that the theorem is not true in general without some 
further restriction VT since in the variety of abelian groups in which 
xP = 1 is a law for one prime p, every group is free. The problem is in the 
proof of iemma 9: if x2 = 1 is a law in V, then VA = 1; if x3 = I. is a law in 
V, then VA is cyclic of order 3 and hence free in V. So this questiom must 
remain open. 
5. EXTENSIONS 
Our results o far fall a long way short of the best possible. There are 
several directions in which they can be extended. We explore some in this 
section. 
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In the last section we showed how to construct one group which was 
almost V-free, not V-free of rank K,,, for n < w. A well-known trick of 
Shelah (described in [2 1) enables us to produce. for n > 0, 2Kn pairwise non- 
isomorphic almost V-free groups of rank K,. We shall not go into this any 
further, but simply refer the reader to the papers ( I,2 1. 
In a different direction let us recall a notion from infinitary logic. Suppose 
L is the language (first order predicate calculus) suitable for the discussion 
of groups. Then L,, is the language which is obtained by allowing 
conjunctions over arbitrary sets of formulas and quantification over fewer 
than K variables at a time. Then, loosely, two groups are L,,-equivalent if 
they cannot be distinguished in this language; that is, any sentence holding in 
one holds in the other. This concept has an algebraic significance as 
expressed in the following back and forth criterion: two groups A, B are 
L-,-equivalent iff there is a family I of partial isomorphisms from A to B 
(that is isomorphisms of subgroups of A onto subgroups of B) with the 
property that if f: S -+ T is in I, and XC_ A (respectively, Yc_ B) has 
cardinality <K, there is a map g E I such that g extends f and domain 
(g) 2 X (respectively, range(g) 2 Y). 
Using this criterion due to Karp, it is easy to see that a group G is L,,- 
equivalent to a V-free group if there is a chain ‘8 of V-free subgroups of G 
such that G = (J % and if A, B are in g and A < B, then A is a V-free factor 
of B. Since we constructed in Theorem 4 the filtration 3’ in such a way that 
for all i E E, Bi is a V-free factor of Bj, for all j, i <j < K’) it follows that 
the constructed group B is actually L,,,.-equivalent o a V-free group. Thus 
Theorem 10 can be readily extended to 
THEOKEM 11. Suppose V is a torsionfree variety of groups. Then for 
each n, 0 < n < LC), there are 2*, pairwise non-isomorphic groups of rank K,, 
which are L ,.,-equivalent to a free group. 
In fact in Theorem 4 we are not obliged to make the step from K to K ’ . 
What is needed is that we have a regular cardinal p and a set E of limit 
ordinals such that E is stationary in p but En v is not stationary in any limit 
v < p and if 6 E E and cf(6) = K, there is a filtered presentation of rank K. 
From this we can then deduce that there is a filtered presentation of rank p. 
Details arc in 161. 
In a different direction we consider a way of extending the above results to 
different varieties. 
Let K be an integral domain (not necessarily commutative, but with a 1). 
We use the word ring for “ring with a l”, and rng for “ring without a 1”. A 
K-rng is a K-bimodule which is also a mg. A K-ring is defined analogously. 
If K is commutative, a K-ring is a K-algebra. A Z-algebra is a ring. Mostly, 
one is interested in K-rings rather than K-rngs. There is an important 
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difference: in a variety of K-rings, ideals are not subalgebras (since they do 
not contain the 1, in general); but in a variety of K-rngs, ideals are 
subalgebras. Thus the key idea of factoring out by a subalgebra to obtain a 
presentation will work in K-rngs without modification, but not in K-rings. 
We needed a subalgebra for the relations in a presentation because we need 
to be able to produce a special type of embedding (an ff-block) to build a 
filtration. (In fact there is an alternative to what we sketch below (after 
Theorem 13) and that is to make suitable modifications to the definitions of 
free and filtered presentations and then r-e-prove Theorem 4 with these 
definitions. This works because for K-rings the concept of an ideal is 
sufficiently like that of a subalgebra.) 
Let us remark that Lemma 6 is no obstacle to Theorem 4 holding for 
varieties of K-rngs, because in fact Lemma 6 holds for any variety of Q- 
groups (see [3]) and K-rngs are Q-groups for a suitable .G~ We have: 
THEOREM 12. Let V be any variety of M-rngs, K a regular cardinal. If 
there is a filtered presentation in V of rank K, then there is a filtered presm- 
tation ilz V of rank ici. 
So what we need is a starter. We let F be the free K-rng on (x,: IZ < CO/ 
and let R be the subalgebra generated by {xn - ~2,~ : n < CO}. When this is 
filtered in the obvious way (analogous to what was done in Section 4), this 
leads to a filtered presentation of rank CO. (The fact that K is an integral 
domain is used to prove that F/R is not embeddable in a free K-rng. If it 
were, then it would have a degree function, which would contradict t 
that X, + R = xi” + R for all n. From this one deduces the important fact 
that the inclusion of R into F is an fjblock. Otherwise one proceeds along 
the lines of Lemma 8.) Thus we have: 
THEOREM 13. Let K be an integral domain. If n < CO, then there is a K- 
mg of rank K,, which is almost-free not free but Lmnn-equivalent to a free K- 
mg. 
By adding a 1 and doing some checking, we can deduce the same theorem 
for K-rings and also the commutative analogues. This also includes the case 
of the varieties of all rings and of all commutative rings If is a 
commutative field, the result also extends to the variety of all Lie algebras 
over K. This is done by passing to the Lie algebra of commutators of a K- 
algebra. 
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